ABSTRACT. E. Effros and F. Hahn have conjectured that if (G, Z) is a second countable locally compact transformation group, with G amenable, then every primitive ideal of the associated C*-algebra arises as the kernel of an irreducible representation induced from a stability subgroup. Results of Effros and Hahn concerning this conjecture are extended to include the twisted group algebra Ll(G, A; T, a), where A is a separable type I C*-algebra.
1. Introduction. Twisted group algebras in their most general setting were introduced by Horst Leptin in [11] , [12] , and [13] (under the name of generalized group algebras) and independently by R. C. Busby and H. A. Smith in [4] . Included as special cases of twisted group algebras are the usual group algebras (Ll(G) equipped with convolution and involution), transformation group algebras, covariance algebras (which are studied in quantum physics) and the group algebras of group extensions. One of the most important concepts in the theory of twisted group algebras is that of induced representation. In [14] , G. W. Mackey defined this concept for the theory of unitary representations of locally compact groups and studied the problem of trying to obtain all (up to equivalence) unitary representations of a group by inducing from certain subgroups. Mackey showed that when a particular condition (which he called "regularly imbedded") is satisfied, one may obtain all such representations in this manner, but that if this condition is not satisfied, one cannot in general obtain all such representations. In [17] , M. Takesaki generalized this result to the case of covariance algebras, and in [10] , H. Leptin generalized this result to the case of twisted group algebras, but where the element T in the twisting pair (T, a) (see §2) is multiplicative.
In the setting of transformation groups, E. Effros and F. Hahn conjectured in [6] that even though it may be impossible to obtain all representations by inducing (from the desired subgroups), possibly one may at least obtain the primitive ideal space in this manner. Effros and Hahn obtained some results along this line, and we give a generalization of these results to the case of twisted group algebras.
In §2, we give various definitions and other preliminary material needed in the paper. The induced representations defined by Busby and Smith in [4] are not general enough for the problem studied here, so in §3 we define an induced representation which follows more closely the definition given by Takesaki in [17] (and which reduces to it for covariance algebras). For rather special circumstances, we also give a definition of induced representation along the lines of Effros and Hahn in [6] , and we show that under these circumstances, the two definitions give rise to equivalent representations. In [10] , H. Leptin does much of the work that we present in the first part of §3, but he does not include the completely general case. (In particular, Leptin's work does not include all group extensions.) He also uses different notations and constructions throughout his work.
In §4, we obtain some results which are needed in proving the major theorems of the paper. Included in §4 is a result concerning the problem of obtaining the dual space of the twisted group algebra. It is an extension of results presented by Takesaki in [17] and Leptin in [10] . 4 The main results are presented in §5. The concern here is the conjecture made by Effros and Hahn in [6] . The problem is to obtain the primitive ideal space of the twisted group algebra and actually consists of two parts-kernel containment in both directions. We present results for both parts of the problem.
In §6 we make some concluding remarks regarding possibilities of extending the results presented here. This paper forms a portion of the author's doctoral dissertation written at Drexel University under the direction of Professor Robert C. Busby.
2. Definitions and preliminary remarks. In the discussions and proofs in this paper, we will need a number of definitions, theorems, and basic facts from the literature, and we review some of these in this section. We first note that throughout this paper, group will always mean locally compact second countable group, and the algebra A will always be a separable C*-algebra.
Let G be a group. The mapping x -► U(x) from G into the unitary operators on a separable Hubert space H is said to be a continuous unitary representation of G if U(xy) = U(x)U(y) for every x,y EG and if for every vGH, II U(x)v -U(x0)v\\ -* 0 asx-*^0.
(We could replace the latter condition by weak measurability. See [16, Corollary, p . 279].) We will usually drop the adjective "continuous". By a representation PRIMITIVE IDEALS OF TWISTED GROUP ALGEBRAS
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7T of a Banach *-algebra C on H, we mean a homomorphism of C into B(H) (the space of bounded linear operators on H) satisfying n(a*) = n(a)* and such that the linear span of n(QH is dense in H. The commutant of a set F of operators in B(H), denoted F', is the set of elements in B(H) which commute with every element of F. If it is a representation of C on H, n is irreducible if 7r(C)' consists only of multiples of the identity operator on H. Two representations irl on Hx and ir2 on H2 are equivalent if there exists a unitary F mapping Hl onto //*2 such that Vn^a) = iJ2(a)V for all a G C Similar definitions pertain to unitary representations of G. The efua/ space C of Cis the space of equivalence classes of irreducible representations of C, equipped with the quotient topology (see [5, §3.5] ), and the primitive ideal space, Prim C, is the space of kernels of irreducible representations, equipped with the hull-kernel
Let A be, as usual, a separable C*-algebra. A double centralizer on A is a pair (mv m2) of bounded linear mappings from A to A such that for all a, b in A, aim^b) = (m2a)b. The double centralizers form an algebra M(A) which contains an isomorphic copy of A as a closed two-sided ideal. Representations of A extend uniquely to representations of M(A). For details, see [2] and [9] .
We now state the definition of twisted group algebra as given in [4] . Let dy and A be a left Haar measure for G and the corresponding modular function, respectively (see [16, p. 367] ). Let Ll(G, A) be the Banach space (see [8] ) of Bochner-integrable .4-valued functions on G (that is, functions which are the limit almost everywhere of a sequence of "step functions" and whose norms are integrable), and let Autt(^4) be the isometric »-automorphisms of A with the strong topology. Let T be a Borel measurable mapping from G to Autj(/4), and let a be a Borel map from G x G to the unitary double centralizers in M(A) such that (1) 
a(x, e) = a(e, y) = 1, 71(e) = 1
for all x, y, z in G and a in A, with e being the identity in G. Let p: Autj(/1)-»-AutjO-O/Ä be the natural projection, where B is the subgroup of AutjL4) consisting of inner automorphisms by unitaries. If AutjG4)/2? is given the quotient topology, p will be continuous. If pT: G -► Autj04)/5 is continuous, (T, a) is called a twisting pair for G and A. We will always assume that (T, a) is a twisting pair. Define a product and an involution, *, on The result is a Banach *-algebra which we denote by ¿'(G, A; T, a), the twisted group algebra on G with values in A produced by the twisting pair (T, a). We denote by C*(G, A;T, a) the enveloping C*-algebra of L\G, A; T, á) (see [5, §2.7] ).
The proofs of our main results depend rather heavily upon being able to apply the Corollary in [3] . For this, we need the concept of a smooth twisting pair as defined by Busby. A twisting pair (T, a) is said to be smooth if the following two conditions are satisfied:
(1) There is a neighborhood N of the identity e in G such that the restrictions of T and a to N and N x N, respectively, are continuous.
(2) For each x in G, there is a neighborhood Nx of e in G such that ßfx~l,y,x) is continuous in Nx as a function of y, where ß(x, y, z) = a(x, y)<x(xy, z).
The representations of Ll(G, A; T, a) are in a one-to-one correspondence with pairs of the form (n, £/), where:
(1) it is a representation of A on H.
(2) U is a weakly measurable mapping from G to the unitary operators on H such that U(x)U(y) = n(a(x, y))U(xy) for every x, y in G. 
In this case L is called the integrated form of (7r, C/). If Lx and ¿2 are the integrated forms of (ffj, t/j) and (7r2, C/2), respectively, then a mapping V sets up an equivalence between Lx and ¿2 if and only if V sets up an equivalence between rrl and n2 and between £/j and U2. For details, see [4] .
Let (T, a) be a twisting pair for G and ^4. By We will also need the concept of quasi-invariant measures. Let G act on a Borel space T as a Borel transformation group. Let ß be a measure on T, and for each s GG, let s(ju) denote the measure defined by s(jjl)(E) = (i(Es) for each Borel set E in T, where Es means the elements of E acted upon by s. If s(p) and p. are equivalent (in the sense of absolute continuity) for all s EG, p. is said to be quasi-invariant. If the quasi-invariant measure p. satisfies p(E) = 0 or p(T -E) = 0 for every Borel set E of T with p(E A Es) = 0 for every s G G, then p is said to be ergodic, where A here means the symmetric difference of sets. If p. is concentrated in an orbit, p is said to be transitive. We denote by X the Radon-Nikodym derivative of s(p) with respect to p; that is, ff(ys)Ky. WKy) =Jf (yW(y) for all integrable Borel /. The function X satisfies the property My. xy) = X(7, x)\(yx, y)
for every x, y in G and almost every 7 G T.
3. Induced representations. We give two definitions of induced representation. The first is a general definition that works in all twisted group algebras, and the second makes no sense in the general setting but is extremely useful for our purposes when it does make sense. We show that under special circumstances, the two definitions give rise to equivalent representations, and we obtain other results which are needed in later sections.
Let (G, A; T, 0) be a system such that A is a C*-algebra; G is a group; and {T, a) is a twisting pair for G and A. Let (n, U) be a representing pair for (G0, A; T, a) on a Hubert space H, where G0 is a closed subgroup of G. Let fi bea quasi-invariant measure on the right coset space G/G0, and let X denote the corresponding X-function (the Radon-Nikodym derivative of s(p) with respect to p). (b) f(xy) = ir(a(x, y)*)U(x)f(y) for every xGG0 and v G G.
< °°> where x is the coset of x. The integral in property (c) is well defined because of property (b). Define an inner product on ït by {fx\f2) = f(.fi{x)\f2(x))dp(x), where we identify functions equal almost everywhere. We then have that H is a Hilbert space. (7T»/)(x>0 = ntn«J0«)/<*»0 = n(T(xy)a)n(a(:x, y)*)U(x)f(y)
so our assertion follows.
Theorem 3.1. (n, Ü) isa representing pair for (G, A; T, a).
Proof. Clearly ñ is a representation of A and U(x) is unitary for each x. Thus we only need to show that (i) U(x)Ü(y) = ñ(a(x, y))U(xy), and
= (*((*(*, y))U(xy)f)(z).
Equality (ii) holds, for
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Theorem 3.2. // (nl, Ux) and (tt2, U2) are equivalent representing pairs for (G0, A; T, a), then (fiv Ux) and (jr2, U2) are equivalent.
Proof. Mackey [14, Theorem 2.1] has shown that the choice of quasiinvariant measure is unimportant as far as equivalence is concerned, so we may assume that the same measure is used in obtaining both Çnv £/,) and (7r2, U2). If V sets up an equivalence between (itl, Ux) and (7r2, £/2), then W defined by (Wf)(x) = V(f(x)) sets up an equivalence between (55^, Ux) and (¡r2, U2), for it is easy to show that W is a unitary between Hx and H2, and
Also, (Wtf,O0/)(x) = nC^iW/X*)] =Mx,yïAV[*x(a(x,y))Ul{y)f{xy)] = X(x, yyA*2(a(x, y))U2(y)V(f(xy)) = (U2(y)Wf)(x).
Clearly, if G0 is taken to be the trivial subgroup of G, then the induced representation is determined by the representation n of A. In this case, the induced representation is equivalent to the induced representation in the sense of Busby and Smith in [4] , and we denote these representations by I(tt).
We now give a definition of induced representation along the line of Effros and Hahn in [6] . For this, we assume a is continuous. In this case, the space of continuous functions with compact support, equipped with multiplication and involution as in Ll(G, A; T, a), becomes a *-algebra, which we denote by K(G, A ; T, a). Proof. We first show that 7r0 can be extended to a representation of A. It is clear that, for each a in A, ^(a) is a linear operator on //o(0). We show that ^(a) is bounded and hence can be extended to H(<p). Note that (a/)*(a/) =/*(a*a/).
Let k = (||a||2 -a*a)'/j. (Here we are treating elements of A as though they were in the double centralizer algebra M(A).) The function k exists since Ha*a|| = ||a||2. Now k G M(A), so (kf), defined by (kf)(x) = kf(x), is an element of K(G, A ; T, a). For each x in G,
Hence (a/)*(«Z) + (kf)*(kf) -||a||2/*/, so ||(a/)'||2 + ||(fr/)'||2 = ll«ll2ll/"llj.
Then Wiflf)'^ < ||a|| ||/'||0 and 7r0(a) is continuous. Now for g, f in tf(G, ¿; r, a), **(a/) = (a**)*/, so (^(a)f\g) = 0fe*(a/)) = m*i)*f) = (/'l(a^)')0 = (/'l^(a*)g')0. 
We show that the closure of W sets up the desired equivalence. Note that X(sf, rV-*)X(s, i) = ^ * > X(s, r) = X(s, s"1).
Now ff(st)X(st, r's-^Xis, t)dp(s) = Jf(s)\(s, s-^dpQi).
But ff(st)Xst, rV^xc«, t)dp(s) = ff(st)Xs, s-^dpçs).
But this means that X(s, s~1)dp(s) is a right-invariant measure, so \(s, s~1)dp(s) Proof. We shall denote s~lG0s by G0(s). Let ju be the quasi-invariant measure used to obtain (n, {/) and let X be its associated X-function. Let 0 be the 1-1 Borel set preserving mapping from G/GQ(s) onto G/G0 defined by 0(i) = G0st. For each Borel set E in G/G0(s), define p'(E) = p(jt>(E)). Now 0(£x) = <p(E)x for every x EG, so ju' is a quasi-invariant measure on G/G0(s), and its associated X-function is defined by X'(i, x) = X(0(f), x); i.e., X'(r, x) = X(si, x). Thus we may use p' to obtain (ns, Us).
Let H and Hs denote the Hubert spaces of the induced representing pairs (îf, U) and (ns, Us), respectively. For each / G Z/^, define hfi) = ■n{a(s,s~li)*)f{s~lt). We now show that A/GÄi. Let xEG0, y EG. Then fc,GQ(hf(xMf(x))dp(x) = fc/G^fis-'x^ffs^x^dpix) = /g/Go(í)(/«I/W)*'(0. This completes the proof. We now turn our attention to the relationship of /(ff) to /(ff0), where ff0 is an element in the support of ff. We show that, under special circumstances, /(ff) and /(ff0), as well as another related representation, are weakly equivalent. Suppose A is type I and (ff, U) is a factor representing pair for (G, A;T, a) on H . Then, as shown in [17] , there exist a Hubert space H and an ergodic, L2(G, H, p) , where ju is a finite measure on G with the same null sets as Haar measure. Let UL denote the representation of G induced from the one-dimensional identity representation of {e} using the measure p. (Thus UL is the ¡eft regular .representation of G.) Let Z,® denote the integrated form of (ff ® /, U ® UL) where / denotes the identity operator. 
and for s in G,
Since elements of the form h ® g are dense in H ®L2(G, p), W sets up the desired equivalence.
Corollary 4.8. With notation as in Lemma 4.5 and Theorem 4.7, /(ff0) is weakly equivalent to Z,®. {Hence ker Z(ff0) = ker Z®.)
In [15], G. W. Mackey showed that under special circumstances (i.e., when the orbit space of G is countably separated) all representations of G (up to equivalence) may be obtained by inducing from certain subgroups of G. In [17] , M. Takesaki generalized this result to include covariance algebras (i.e., where a is trivial), and in [10] , H. Leptin generalized the result to the twisted group algebra case with T multiplicative. We give here an extension of this result to the general twisted group algebra case. Corollary 4.9. Let A be a type I C*-algebra, and suppose the orbit space A /G is countably separated. Then every factor representing pair (ff, U) of (G, A; T, a) is induced (up to equivalence) by a representing pair (it U )
A II of (Gy, A ; T, a) for some point y E A such that n is a factor representation which is quasi-equivalent to a member of y and Gy is the stability group of y.
Proof. We do not give a proof here. The proof of [17, Theorem 6.1] given by M. Takesaki may be modified to give a proof of this theorem. The proof requires many preliminary results and technical lemmas whose proofs follow, for the most part, those of Takesaki. The introduction of a presents many technical difficulties but does not drastically alter the techniques involved. Some of the needed results are presented in the material which precedes the corollary. For the person who is genuinely interested in seeing the details, see [1] .
5. Primitive ideal spaces. This section is devoted to the study of the primitive ideal space of the twisted group algebra L1(G, A; T, a). The goal is to obtain the primitive ideal space of the twisted group algebra by inducing representations from stability groups. We generalize some of the results of Effros and Hahn in [6] to the general twisted group algebra case, and some to the more restricted case where the cocycle a is continuous. The major difficulty arises because the algebra A is not commutative. When A is commutative, the dual space of A can be identified with the space of characters of A (that is, complex-valued, nontrivial *-homomorphisms of A), so it is unnecessary to consider equivalence classes of representations of A. In the noncommutative case, however, equivalence classes must be considered. This results in the problem of having to choose the correct representative from the equivalence class and is one of the major reasons that Effros and Hahn's proofs break down in this setting. Another major obstacle in generalizing the results to twisted group algebras (even when A is commutative) is that when a is present, the twisted product of two continuous functions with compact support need not be continuous. This is the reason that part of our results require continuity of a.
We are now in position to prove the theorem which solves the first part of our problem. A group G is said to be amenable if the left regular representation UL of C*(G) is faithful (that, has only zero in its kernel). Let K(G) and K(G, A) denote the continuous functions (complex-valued and .4-valued, respectively) with compact support. It is well known that these spaces are dense in L1(G) and L1(G, A), respectively. Proof. As pointed out in [17] , we may assume without loss of generality that ff and the central system of imprimitivity have uniform multiplicity «; i.e., we may assume that ff = í¿irydp(y) where n is a factor representation for almost every y, and Hn = L2(A, H, p). Furthermore, by [ for all fEHn, where X is the X-function corresponding to p.
Let v be an element of norm one in the Hilbert space H0 of n0, where ff0 is any element in the support of ff. Let <p(f) = (ir0(f(e))v\v) for all / G K(G, A ; T, a). We show that 0 is the pointwise limit of positive functionals associated with Z, and the theorem will follow from Proposition 5.2, since if # is such a functional, then Z(0) is equivalent to a subrepresentation of Z.
Given /j, • • • ,fm in K(G, A;T, a) and e > 0, we show that there is a positive functional p associated with Z which approximates 0 to within e on the f¡. Choose a compact set C with support f¡QC for all i. As ff and U are both norm continuous, we may choose a compact neighborhood N of e in G such that \\Tr(f¡(s))U(s) -ir(f¡(e))\\ < e/2 for all s in N. Let Since /? is a Polish space, there exists a measurable cross-section [a'y] in /?. Let oy = o'y ® /0. For almost every 7, ff7 and oy are quasi-equivalent and have the same multiplicity and hence, since A is type I, are equivalent. By [5, Proposition 8.2 .3], there exists a unitary V =î®V(y)dp(y) such that V(y)oy(a)V(y)* = it (a) for every a in A and almost every y in S. Define x(y) -V(y)w for every 7 in S and x(y) = 0 for all other 7 in A. Let * = S®x(y)dp(y). We have that \(iry(fi(e))x(y)\x(y)) -<Kf,)\ < e/2 for almost every 7 in S.
Choose £ G Z°°04, p) suchthat B > 0, ¡B(y)2dp(y) = 1, and 5 vanishes = ícSjfr-fflÜMl* s)'AW(y, s)E(ys)x(ys)\E(y)x(y))dp(y)ds = fN(7T(fi(s))U(s)Ex\Ex)ds.
The last equality follows from the fact that x(7) = 0 if y £ S and if 7 G S and s G C,, then s is not in 5, so x(7s) = 0. Let Fi = fN«ftie))Ex\Ex)ds = (ff(/;.(e))5x|£c).
We have \p(fi) -n = \fN(Wm)u(s) -ff(/Xe))]/rx|zrx)ds| < fN\Hfi(s))U(s)-n(fi(e))\\(Ex\Ex)ds < (e/2)fN(Ex\Ex)ds = (e/2)(/?x|Zix)
= (e/2) f B(y)2(x(y)\x(y))dp(y) = (e/2) f B(y)2dp(y) = e/2.
S s
Furthermore \Ft -<Kfi)\ = IOr(/-(e))J5x|Z?x) -(ff0(/,(c))»lü)l = |/sK(/(e))ß(7)x(7)IZi(7^(7)^(7)-/5Zi(7)2(ffo(/;(e))ü|I;)i/ju(7)|' -\fs[(^(fi(e^(y^(^-(«o(fAe)»\v)}B(y)2dp(y)\ <(e/2)fsB(y)2dp(y) = el2.
Thus |p(/í)_0(/í)l<e. This concludes the proof.
As a consequence of Theorems 5.1 and 5.3 we get the following corollary, which includes as a special case a result obtained by Zeller-Meier in [18] . Corollary 5.4. //* G is discrete, amenable, and acts freely on A, with A type L then there exists a one-to-one correspondence between orbit closures in À and the primitive ideal space of C*(G, A ; T, a). 6 . Conclusion. The problem of obtaining the dual space of the twisted group algebra by inducing has been solved in the general setting if A is type I and G acts smoothly on A. The problem of obtaining the primitive ideal space of C*(G,yl;j; a) has been solved to a certain degree when the pair (T, a) is smooth. Part of the solution, however, required continuity of a. It appears that the same techniques can be used even if a is not continuous by considering equivalent twisting pairs as was done in [3], but we have thus far been unable to obtain the desired results in this way.
In [7] , E. Gootman was able to relax the conditions of free action and norm continuity required in Theorems 5.1 and 5.3 (for the transformation group case). We see no immediate way to carry through Gootman's generalization to the twisted group algebra case. The problem of generalizing free action causes complications since if a is present or if A is not commutative, a a-representation of G is required for the inducing so the one-dimensional identity representation cannot be used to induce and it is not at all clear which o-representation should be used. To relax the norm continuity condition, Gootman assumed the existence of a uniform eigenvector for all U(s). We encounter difficulty here because we have to use equivalence classes of representations of A and hence it is difficult to use a fixed vector throughout, as one may see in our proof of Theorem 5.3.
